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PERVERSE SCHOBERS ON RIEMANN SURFACES:
CONSTRUCTIONS AND EXAMPLES
W. DONOVAN
Abstract. This note studies perverse sheaves of categories, or schobers,
on Riemann surfaces, following ideas of Kapranov and Schechtman [27].
For certain wall crossings in geometric invariant theory, I construct a
schober on the complex plane, singular at each imaginary integer. I use
this to obtain schobers for standard flops: in the 3-fold case, I relate these
to a further schober on a partial compactification of a stringy Ka¨hler
moduli space, and suggest an application to mirror symmetry.
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1. Introduction
Perverse sheaves are key objects in the interaction of algebraic geom-
etry, analysis, and topology [29, 6]. They are related to D-modules by
the Riemann–Hilbert correspondence [30, 31], and thence control global be-
haviour for differential equations.
Perverse sheaves may be defined in terms of constructible sheaves, but
often admit characterizations using quiver representations, in particular by
work of Beilinson [5], and Gelfand–MacPherson–Vilonen [19]. Kapranov
and Schechtman have used such descriptions to define perverse sheaves of
(triangulated) categories, or schobers [27]: in this approach, the vector spaces
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in a quiver representation are replaced by categories, and the linear maps by
functors satisfying appropriate conditions.
Harder and Katzarkov recently used schobers to given new proofs for
cases of homological mirror symmetry (HMS), and study noncommutative
projective spaces [23]. Nadler has used them to prove HMS for certain
Landau–Ginzburg models [32]. They have been applied to study categorified
Picard–Lefschetz theory by Katzarkov, Pandit, and Spaide [25]. Bodzenta
and Bondal have associated them to flops of curves [7]. In previous work [12],
I constructed them for wall crossings in geometric invariant theory (GIT).
Schobers are currently defined only on a few classes of spaces: Kapranov
and Schechtman define them on a disk, and indicate a generalization to
Riemann surfaces. In this paper, I explain this generalization, and give
simple operations on the resulting objects.
I give examples for wall crossings in GIT, and standard flops, demonstrat-
ing that functors which appear in these settings have natural interpretations
in terms of schobers. My results are summarized in Subsection 1.1.
In particular, I show that functors associated to a standard 3-fold flop,
including the Bondal–Orlov flop functors, may be encoded in a schober on
the projective line minus two points, thought of as a partially compactified
stringy Ka¨hler moduli space: I give a possible mirror symmetry interpreta-
tion of this in Subsection 1.2.
Remark. Harder and Katzarkov [23] give a related definition for schobers
on Riemann surfaces. Continuing work of Dyckerhoff, Kapranov, Schecht-
man, and Soibelman seeks to further develop such definitions [16]. Schobers
on higher-dimensional spaces have been discussed only in restricted cases:
see [27, Section 4], and upcoming work of Bondal–Kapranov–Schechtman [9].
1.1. Results. One of the simplest classes of schobers consists of perverse
sheaf of categories on a disk, singular at a point, known as ‘spherical pairs’.
In previous work [12], I constructed spherical pairs for certain wall crossings
in GIT stability. In this paper, under the same assumptions, I obtain a
perverse sheaf on C, singular at iZ, in Theorem A.
Remark. Perverse sheaves restrict to local systems on their smooth loci:
analogously, schobers yield local systems of categories. Such local systems
are indicated below by an action of a fundamental group on a category, or a
fundamental groupoid on categories: full definitions are given in Section 3.
Take a toric GIT problem V/G where V is a smooth, equivariantly
Calabi–Yau variety, and consider a ‘simple balanced’ wall crossing. Infor-
mally, this is a wall crossing which affects only a single stratum of the GIT
stratification: for details, see Definition 5.2. Let X± denote the quotients
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on either side of the wall, and D(X) be the bounded derived category of
coherent sheaves on X .
Theorem A. (Theorem 6.1, Corollary 6.2) For a simple balanced wall cross-
ing as above, there exists a schober on C, singular at iZ, with
• generic fibre D(X−) ∼= D(X+), and
• an induced local system of categories on C−iZ which may be presented
in the following ways:
D(X+)
T
−1
T
0
T
1
...
...
D(X−) D(X+)
Φ−1
Φ0
Φ1
Φ2
...
...
The Tw are spherical twists obtained by Halpern-Leistner and Shipman [21],
and the Φw are window equivalences as given by Halpern-Leistner [20], and
Ballard–Favero–Katzarkov [4].
The simplest cases of the theorem are toric standard flops, and certain
flops of orbifold projective spaces: see Example 6.3.
Remark. The base C of the schober above may be thought of as the com-
plexification of the GIT stability space R associated to the wall crossing.
Remark. Theorem A holds under the weaker hypothesis that V is smooth,
and equivariantly Calabi–Yau, in a neighbourhood of a certain subvariety
appearing in the GIT stratification: see Assumption 5.7 for details.
I now give an application of Theorem A to standard flops. Take a stan-
dard flopping contraction X → Y with exceptional locus E ∼= Pn, so that
the normal bundle of E is the sum of n + 1 copies of OE(−1), and write
D(X|E) for the full subcategory of D(X) whose objects have set-theoretic
support on E.
Proposition B. (Proposition 6.4) For a standard flopping contraction as
above, the schober in Theorem A induces a schober on C, singular at iZ,
with
• generic fibre D(X|E), and
• monodromy around iw ∈ iZ given by the spherical twist of OE(w).
Restricting finally to standard 3-fold flops, I construct and study a
schober on a Riemann surface with non-trivial topology, namely
M = P1 − {3 points}.
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I understand this as a stringy Ka¨hler moduli space (SKMS), following a
standard heuristic from mirror symmetry: see Subsection 7.1 for discussion.
Let M be the partial compactification of M with a point p replaced, so that
M = P1 − {2 points}.
Writing X ′ for the flop of X , with exceptional locus E ′, I prove the following.
Theorem C. (Theorem 7.10) For a standard 3-fold flopping contraction as
above, there exists a schober on M , singular at p, with
• generic fibres D(X|E) and D(X ′|E ′), and
• an induced local system of categories on M given by
(1)(1)
p
F
F
D(X|E)D(X ′|E ′)
with Bondal–Orlov flop functors F, and line bundle twists (1).
I furthermore show that, in an appropriate sense, the pullback of the
above local system on M to a covering space isomorphic to C− iZ is given
by the schober from Proposition B: see Proposition 7.13. I give a criterion
to extend the schober of Theorem C from M to P1 in a final Subsection 7.4.
Remark. Work of Halpern-Leistner and Sam [22] gives a local system of cat-
egories on an SKMS for an extensive class of examples, namely quotients for
quasi-symmetric representations of reductive groups: it would be interesting
to study schobers extending these.
1.2. Mirror symmetry of schobers. I outline a possible homological mir-
ror symmetry (HMS) application for Theorem C. Given a standard 3-fold flop
between X and X ′, HMS may take the form of equivalences
D(X|E) ∼= F(Y ) and D(X ′|E ′) ∼= F(Y ′),
where F is an appropriate Fukaya category, and Y and Y ′ are mirror sym-
plectic manifolds.
Remark. Taking X and Y to be the resolved and deformed conifold respec-
tively, with certain loci removed, an equivalence as above is proved by Chan,
Pomerleano, and Ueda [10].
Under mirror symmetry the SKMS M , denoted by MB below, should be
identified with a complex structure moduli space MA, which is the base of
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a mirror family with Y and Y ′ as fibres. We may further identify partial
compactifications MB ∼= MA. Now assume given an extension of the mirror
family on MA to MA, allowing singularities over the boundary, and denote
this symplectic fibration by
f : Y →MA.
Letting QB be the schober on MB from Theorem C, we have the following.
Question. Can a schober QA on MA be constructed from the extended
mirror family f such that there is an equivalence of schobers
QB ∼= QA ?
The schober QA should have generic fibres F(Y ) and F(Y ′) by con-
struction, and the equivalence of schobers should respect the identification
MB ∼= MA, and the HMS equivalences above. I hope this question will be
addressed in future work, along with more general examples.
Remark. The mirror operation to the standard 3-fold flop given by Fan,
Hong, Lau, and Yau [18] should induce half-monodromy equivalences for the
schober QA proposed above.
1.3. Outline. In Section 2, I review definitions of schobers on a disk, due
to Kapranov and Schechtman; Section 3 discusses local systems of categories
and operations on them. Section 4 uses these notions to define schobers on
Riemann surfaces, following ideas of Kapranov–Schechtman, and gives cri-
teria for extending these objects from an open subset. In Section 5, I review
my previous work [12] constructing spherical pairs from GIT wall crossings.
Section 6 constructs schobers on C, singular at iZ, proving Theorem A and
Proposition B. Finally, in Section 7, I prove results for the SKMS discussed
above, in particular Theorem C.
Acknowledgements. I am grateful to M. Kapranov for inspiring conversations.
I thank A. Bondal, Y. Ito, A. King, S. Meinhardt, E. Segal, and M. Wemyss
for useful discussions, and J. Stoppa and B. Fantechi for their hospitality and
interest in my work at SISSA, Trieste. I am grateful to an anonymous referee,
and to P. Schapira, for helpful comments. Finally, I thank the organizers of
the 2016 Easter Island workshop on algebraic geometry for the opportunity
to attend.
Conventions. VarietiesX are assumed quasiprojective, with bounded derived
category of coherent sheaves denoted by D(X). For a subvariety Z of X ,
write D(X|Z) for the full subcategory of D(X) consisting of objects with
(set-theoretic) support on Z.
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2. Schobers on a disk
In this section I recall categorifications, due to Kapranov–Schechtman,
of the data of a perverse sheaf on a disk with singular points. For the case
of a single singular point we have two categorifications, namely a ‘spherical
pair’ and a ‘spherical functor’. I explain how spherical pairs yield spherical
functors.
2.1. Perverse sheaves. The following is a standard description of the cat-
egory Per(∆, B) of perverse sheaves on a disk ∆ ⊂ C, possibly singular at
points B = {b1, . . . , bn}.
Proposition 2.1. [19, Proposition 1.2] The category Per(∆, B) is equivalent
to the category of diagrams of vector spaces D, D1, . . . , Dn as follows, such
that each endomorphism mi = 1− viui of D is an isomorphism.
Dn
...
D1
D
un
vn
u1
v1
An equivalence may be constructed as follows. Fix x ∈ ∂∆, and choose
a skeleton K as in Figure 1. Then for P in Per(∆, B) take the Di and D to
be the stalks at bi and x respectively of the sheaf H
1
K(P ) of cohomology with
support on K. The vi are generalization maps, as described for instance in
[26, Section 1D], and the ui are dual to them. Other equivalences may be
obtained by choosing a different skeleton, for instance K ′ in Figure 1.
x
K
bn
bn−1
b1
...
x
K ′
bn
bn−1
b1
...
Figure 1. Skeleton examples.
Notation 2.2. Write C for the set of isotopy classes of skeleta for (∆, B):
here a skeleton is a union of simple arcs joining x to the bi, coinciding near x.
Remark 2.3. The n-stranded braid group Brn may be presented as the
isotopy classes of orientation-preserving diffeomorphisms of ∆ which fix x
and preserve B, giving a simply transitive action of Brn on C.
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Under this description, we may choose generators σi for i = 1 . . . n − 1
by choosing diffeomorphisms of ∆ which act on B by swapping bi and bi+1,
and satisfy Artin braid relations
σiσi+1σi = σi+1σiσi+1.
For instance, in Figure 1, for each i take a disk δ with a diameter the line
segment from bi to bi+1, and a slightly larger disk δǫ with the same centre.
Then a suitable diffeomorphism σi may be constructed which acts on δ by a
half turn in the counterclockwise direction, and as the identity on ∆− δǫ, so
that, in particular, σn−1 sends K to the isotopy class of K
′.
In the special case B = {b}, we have the following alternative description
due to Kapranov–Schechtman.
Proposition 2.4. [26, Section 9] The category Per(∆, {b}) is equivalent to
the category of diagrams of vector spaces
E0 E+E−
u−
v−
u+
v+
such that
(1) v±u± = 1, and
(2) v+u− and v−u+ are isomorphisms.
An equivalence is obtained as follows. Fix x± ∈ ∂∆, and choose a
skeleton L as in Figure 2. Then for P in Per(∆, 0) take E± and E0 to be the
stalks at x± and b respectively of the sheaf H
1
K(P ). Again, the maps v± are
generalization maps, and the u± dual to them.
L
x−
x+
b
Figure 2. Spherical pair skeleton.
2.2. Schobers with multiple singular points. This subsection explains
a categorification, due to Kapranov–Schechtman, of the data of a perverse
sheaf P on ∆, possibly singular on some finite set of points B. I extend
this to contractible domains in C with certain countable singular sets in
Subsection 4.3.
The following gives a categorification of the vector space data associated
to the perverse sheaf from Proposition 2.1.
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Definition 2.5. [27, Section 2B] A shadow of a schober on (∆, B) is a
collection of triangulated categories D, D1, . . . , Dn with spherical functors
Si : Di → D.
Each spherical functor S induces a twist symmetry of D as follows
TS := Cone
(
S ◦ SRA
counit
−−−−→ Id
)
(1)
where SRA denotes a right adjoint. Here we assume given enhancements of
our triangulated categories, so that functorial cones make sense, as in for
instance [27, Appendix A]. For brevity, we have the following.
Notation 2.6. Write Ti for the twist symmetry TSi.
The vector space data from Proposition 2.1 depends on a choice of isotopy
class of skeletons. Write K for such a class. To categorify a perverse sheaf
we will therefore take, in Definition 2.9, a shadow PK for each class K,
satisfying appropriate compatibilities. For brevity, we refer to such a PK as a
K-shadow. The following Definition 2.7 gives operations relating K-shadows
with K ′-shadows for a different isotopy class K ′ = σK, where σ ∈ Brn.
Definition 2.7. For a K-shadow PK, define a σiK-shadow fσiPK by:
S
′
i = Si+1,
S
′
i+1 = T
−1
i+1 ◦ Si,
S
′
j = Sj for j 6= i, i+ 1.
For general σ ∈ Brn, define fσ as a composition of fσi and their inverses.
Remark 2.8. The operations fσi are modelled on the transformation rules
for vector space data from Proposition 2.1 under generators σi of Brn, as
given for instance in [19, Proposition 1.3, and Remark below]. In particular,
the following braid relation may be easily checked for i = 1 . . . n− 1.
fσifσi+1fσiPK
∼= fσi+1fσifσi+1PK
The key here is that, for a spherical functor S : C → D and a general equiv-
alence Ψ: D → E , we have
TΨ◦S
∼= Ψ ◦ TS ◦Ψ
−1.
We then make the following definition.
Definition 2.9. [27, Section 2B] A schober P on (∆, B) is the data of a
shadow PK for each isotopy class K of skeletons such that there are identi-
fications
gK,σ : fσPK
∼
−→ PσK
for each σ ∈ Brn, compatible in the natural way.
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Remark 2.10. The compatibility above is that, for τ, σ ∈ Brn, composing
fτ (gK,σ) : fτfσPK −→ fτPσK and gσK,τ : fτPσK −→ Pτ(σK)
should coincide up to isomorphisms with gK,τσ : fτσPK −→ P(τσ)K .
Remark 2.11. Spherical functors are exactly schobers on (∆, {b}), as there
is a unique isotopy class K of skeletons in this case.
2.3. Spherical pairs. This subsection presents a categorification, again due
to Kapranov–Schechtman, of the data of a perverse sheaf P on ∆, possibly
singular at a point b. This is a categorification of the vector space data of
Proposition 2.4. It gives an alternate categorification for the case B = {b}
of the previous Subsection 2.2.
Recall that a semi-orthogonal decomposition
D =
〈
D1,D2
〉
,
is determined by embeddings δi : Di → D and induces projection functors
δLA1 : D −→ D1 and δ
RA
2 : D −→ D2
given by adjoints. We may then make the following definition.
Definition 2.12. [27] A spherical pair P is a triangulated category P0 with
admissible subcategories P± and semi-orthogonal decompositions〈
Q−,P−
〉
= P0 =
〈
Q+,P+
〉
,
such that equivalences
Q− ←→ Q+ and P− ←→ P+,
are obtained by composition of the embeddings and projections above.
Spherical pairs give spherical functors, as follows.
Proposition 2.13. [27, Propositions 3.7, 3.8] Given a spherical pair as
above, the canonical functor
P− −→ Q+
is spherical. Its twist acts by the composition of canonical functors
Q+ −→ Q− −→ Q+.
3. Local systems
In this section I give definitions for local system of categories, and sim-
ple operations on them. These objects arise, in particular, by restricting
a schober to its smooth locus, and will be used to describe and compare
schobers later.
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3.1. Definitions. We take the following.
Definition 3.1. An X-coordinatized local system of categories on a path-
connected manifold M , for basepoints X ⊂M , is given by
• a category Di for each xi ∈ X, and
• an action of the fundamental groupoid π1(M,X) on {Di}.
Concretely, we may take paths xi → xj generating the groupoid, and
corresponding functors Fij : Di → Dj satisfying the groupoid relations, up to
natural isomorphism: in particular, for a single basepoint x we have simply
an action of the fundamental group π1(M,x) on a category D.
We assume local systems as above to be triangulated in the natural way.
Definition 3.2. Two local systems are isomorphic if their categories have
equivalences Di ∼= D′i, which intertwine their functors Fij and F
′
ij.
Definition 3.3. Two local systems are strongly isomorphic if Di = D′i, and
their Fij and F
′
ij are naturally isomorphic.
It would be desirable to allow isomorphisms in a suitable sense between
local systems with different sets of basepoints: we do not treat this system-
atically here, however we supply the following notion for use later.
Definition 3.4. Take sets of basepoints X ⊂ Y on M . We say that a
Y -coordinatized local system is a refinement of an X-coordinatized one if
their actions are compatible under π1(M,X) ⊂ π1(M,Y ).
Remark 3.5. A further notion of local system, not considered here, would
relate natural isomorphisms between the Fij to the path 2-groupoid.
We have the usual notion of pullback of local systems, as follows.
Definition 3.6. Take a continuous map f : M → N of manifolds, and a
Y -coordinatized local system on N . An X-coordinatized local system on M ,
for X = f−1Y , is induced by the map π1(M,X)→ π1(N, Y ).
In particular, pullback along inclusions gives a notion of restriction.
3.2. Local systems from schobers. Perverse sheaves of vector spaces re-
strict to local systems away from their singularities. The following is an
analog for schobers on a disk.
For some skeleton K, let γi be a loop based at x, going counter-clockwise
around bi in a small neighbourhood, but otherwise contained within K. Then
π1(∆−B, x) is the free group with generators γi.
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x
K
bn
bn−1
b1
...
γn
Definition 3.7. Given a schober on (∆, B) as in Definition 2.9, define an
{x}-coordinatized local system on ∆−B by, after choosing some K-shadow,
• assigning the category D to x, and
• letting γi act by the twist Ti.
Remark 3.8. Up to isomorphism, this local system is independent of K by
construction of the braid group action on shadows from Definition 2.7.
For a spherical pair we obtain a local system on ∆− {b} as follows. Fix
two basepoints x± ∈ ∂∆.
Definition 3.9. Given a spherical pair P as in Definition 2.12, define an
{x±}-coordinatized local system on ∆− {b} by
• assigning the category Q± to x±, and
• letting minimal counter-clockwise paths x∓ → x± act by equivalences
Q∓ −→ Q±
from Definition 2.12.
Remark 3.10. An {x+}-coordinatized local system may be obtained from a
spherical pair by taking the spherical functor provided by Proposition 2.13,
interpreting it as a schober on (∆, {b}), and using Definition 3.7. The local
system from Definition 3.9 above is a refinement of this, by the latter part
Proposition 2.13.
Remark 3.11. Clearly a dual local system may be obtained in Definition 3.9
by taking P± instead of Q±, however we do not use this here.
4. Riemann surfaces
In this section, I give a definition of a schober on a Riemann surface,
developing details of the definition indicated by Kapranov–Schechtman in
[27, Section 2E]. A related definition, using more general skeleta than those
considered here, is given by Harder and Katzarkov in [23, Section 3.4].
4.1. Definitions. Let Σ be a Riemann surface, possibly with boundary.
Take a finite subset B of its interior, and choose furthermore a disk ∆ in its
interior which contains B. We will define a schober on Σ, possibly singular
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on B, as the data of a schober on ∆ and a local system on Σ−∆, agreeing
on their intersection.
Remark 4.1. Though the definitions in this section suffice for our present
purposes, they are somewhat unwieldy, and should be considered as prelim-
inary: improved notions would remove the choice of disk ∆, as in [23, Sec-
tion 3.4], and could incorporate a categorification of ‘parafermionic’ descrip-
tions of perverse sheaves by Kapranov–Schechtman [28]. This is currently
being pursued by Dyckerhoff, Kapranov, Schechtman, and Soibelman [16].
Fix as before a basepoint x in ∂∆, allow a finite (possibly empty) set of
further basepoints Y in Σ−∆, and let X = Y ∪ {x}.
Definition 4.2. [27, Section 2E] A schober on (Σ, B) is the data:
(1) a schober on (∆, B) as in Definition 2.9;
(2) an X-coordinatized local system of categories on Σ−∆;
(3) a strong isomorphism of the induced {x}-coordinatized local systems
on ∂∆.
Remark 4.3. The notion of strong isomorphism is from Definition 3.3: in
particular, the local systems assign isomorphic categories to x.
x
K
bn
bn−1
b1
...
∆
Σ
y
Figure 3. Riemann surface skeleton example.
Remark 4.4. In Definition 4.2, after a choice of K-shadow, the induced
local system on ∂∆ is determined by the action on D of
T1 ◦ . . . ◦ Tn. (2)
Example 4.5. Let Σ = P1. Then the subset Σ−∆ is contractible, and
so the ‘monodromy at infinity’ (2) for a schober on Σ is isomorphic to the
identity: we give an example in Subsection 7.4.
Restricting to a single marked point b, and fixing basepoints x± in ∂∆,
we have the following.
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Definition 4.6. A schober of spherical pair type on (Σ, {b}) is the data:
(1) a spherical pair as in Definition 2.12;
(2) a local system as in (2) above, but with X = Y ∪ {x±};
(3) a strong isomorphism as in (3) above, but of {x±}-coordinatized local
systems.
By construction, we have the following.
Proposition 4.7. A schober of spherical pair type on (Σ, {b}) induces a
schober on (Σ, {b}).
Proof. We give the required data for Definition 4.2. The schober on (∆, {b})
for Definition 4.2(1) can be taken as the spherical functor associated to
the spherical pair provided by Definition 4.6(1), using Proposition 2.13.
A suitable local system for Definition 4.2(2), which is Y ∪{x}-coordinatized,
may be induced from the Y ∪ {x±}-coordinatized local system provided by
Definition 4.6(2). 
We also have the following restriction result.
Proposition 4.8. A schober on (Σ, B) induces an X-coordinatized local sys-
tem of categories on Σ− B.
Proof. Definition 3.7 gives an {x}-coordinatized local system on ∆−B, and
Definition 4.2(2) gives an X-coordinatized local system on Σ−∆, which
glues to it along ∂∆ by Definition 4.2(3). 
The same result holds for schobers of spherical pair type.
4.2. Extension results. We give simple criteria to extend schobers over
points on Riemann surfaces.
Consider an X-coordinatized local system on Σp, where Σp = Σ − {p},
for p in the interior of Σ. Let ∆ be a disk neighbourhood of p also contained
in the interior of Σ, where the only points of X in ∆ are two points x± ∈ ∂∆.
The following is a direct consequence of the definitions.
Proposition 4.9. Take an X-coordinatized local system on Σp as above.
Given a spherical pair inducing the same local system on ∂∆, we obtain a
schober of spherical pair type on (Σ, {p})
Now consider a schober on (Σp, B). Let C be a simple arc joining x
and p in Σ−∆, not meeting X . Let γ0 be a loop based at x, going counter-
clockwise around p in a small neighbourhood N , but otherwise contained
in C, and let F be the autoequivalence of D associated to γ0.
Proposition 4.10. Take a schober on (Σp, B) as above.
(1) Given a presentation of F as the twist of a spherical functor, we
obtain a schober on (Σ, Bp), where Bp = B ∪ {p}.
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(2) The two schobers induce isomorphic local systems on Σp − B.
Proof. Recall that the data of a perverse schober on (Σp, B) includes the
data of a perverse schober on (∆, B). Choose a mutual neighbourhood ∆p
in Σ of ∆, C, and N . Require furthermore that this does not meet Y , and
deformation retracts to ∆ (we use that C is a simple arc here). Then for
each skeleton K on ∆ we obtain a skeleton Kp on ∆p, as sketched below.
x
Kp
bn
bn−1
b1
...
Σ
y
p
C
∆p
From a K-shadow for (∆, B) given by spherical functors Si, we obtain
a Kp -shadow for (∆p, Bp) by appending the spherical functor S supplied
by assumption (1). A general shadow for (∆p, Bp) is obtained from such
a Kp -shadow by the action of the braid group Brn+1. To obtain a schober
on (∆p, Bp), we thence obtain shadows using the transformation rule in Def-
inition 2.7, and verify the compatibilities of Definition 2.9.
The data of a perverse schober on (Σp, B) includes the data of a local
system on Σp −∆, and we obtain a local system on Σ−∆p by restriction.
Choosing a skeleton Kp as above for our schober on (∆p, Bp), the action of
the induced local system on ∂∆p is determined by
TS ◦ T1 ◦ . . . ◦ Tn.
The definition of a schober on (Σ, Bp) requires that the same local system
on ∂∆p is induced by the above local system on Σ−∆p, but this follows by
assumption. This shows (1).
The claim (2), that the schobers induce isomorphic local systems on
Σp−B = Σ−Bp, can be checked on the cover given by ∆−B and Σp −∆. 
Remark 4.11. We may take B empty: then a schober on (Σp, B) is just a
local system on Σp, and the above Proposition 4.10 says that this extends
to a schober on (Σ, {p}) if its monodromy around p is a twist.
Remark 4.12. E. Segal explains in [33] how all autoequivalences may be
presented as a twist, by a dg-categorical construction. However, the criterion
above remains relevant if we want to work in, for instance, the category of
varieties and Fourier–Mukai kernels between them.
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4.3. Infinite singular points. We consider a contractible domain D in C,
and define a perverse schober on (D, B), with B a countably infinite subset
without accumulation points. We assume furthermore that B is the image of
an embedding Z →֒ D which extends to an embedding of a strip R× I →֒ D,
as explained below.
For the set C of isotopy classes of skeleta as in Notation 2.2, we restrict
to finitary skeleta, namely those obtained from a reference skeleton K by an
action of the infinite braid group with generators σi for i ∈ Z,
Br∞ =
〈
σi
∣∣ σiσi+1σi = σi+1σiσi+1, σjσk = σkσj for |j − k| > 1
〉
.
To obtain such an action, proceed as follows. Take I = [−1,+1] ⊂ R, and
identify Z with the points (i, 0) of R × I. We assume that the embedding
Z →֒ D extends to an embedding R× I →֒ D under this identification.
Now for each i take a disk δ in the strip R× I with a diameter the line
segment from (i, 0) to (i+ 1, 0), and a slightly larger disk δǫ with the same
centre. Then a diffeomorphism σi of R × I may be constructed which acts
on δ by a half turn in the counterclockwise direction, and as the identity on
the complement of δǫ, so that the σi satisfy the relations of Br∞. These σi
may then be extended to diffeomorphisms σi of D, acting as the identity on
the complement of R× I, via the assumed embedding R× I →֒ D, giving an
action of action of Br∞ on D.
The induced action of Br∞ on C is simply transitive by construction.
The definition then proceeds as in Subsection 2.2.
Remark 4.13. Given a schober on (D, B), a local system on D−B may be
obtained as in Definition 3.7. The description used there of the fundamental
group of D−B still holds, using the accumulation point assumption above.
Remark 4.14. It would be more direct to consider all skeleta, not just
finitary skeleta as above. Indeed for (D, B) = (C,Z), it follows from work of
Fabel [17] that an appropriate mapping class group is a completion of Br∞,
but we wish to avoid considering limits of functor compositions.
5. Geometric invariant theory
I review results from GIT sufficient to recall, from previous work [12],
a construction of a spherical pair for certain GIT wall crossings: this is
Theorem 5.9. For further details on GIT, I refer the reader to treatments of
Halpern-Leistner [20], and Ballard, Favero, and Katzarkov [4].
5.1. Setting. We consider the following.
Setup 5.1. Take a projective-over-affine variety V with
• an action of a torus G, and
• a linearization M.
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This data determines a semistable locus V ss(M) ⊆ V : we take the
GIT quotient to be the quotient stack V ss/G. The complement of V ss admits
a GIT stratification by strata Si, with associated one-parameter subgroups λi
of G: each Si contains an open subvariety Z i of the λi-fixed locus.
Take a wall crossing between linearizations M±, with linearization M0
on the wall. Then the semistable loci forM± may be obtained from the locus
forM0 by removing appropriate strata, say Si±. We use the following notion,
specializing a situation considered by Halpern-Leistner [20, Definition 4.4].
Definition 5.2. [12, Definition 3.18] A wall crossing is simple balanced if
V ss(M0) = V
ss(M±) ∪ S±
where S± are strata for the linearizations M±, associated with equal fixed
subvarieties Z, and inverse one-parameter subgroups, as follows.
λ− = (λ+)
−1
We adopt a convention that the subgroup λ− is associated to the wall,
and write λ = λ− for brevity.
Consider a single stratum S, dropping indices i for simplicity. By con-
struction, S consists of the points of X which flow to Z under λ, inducing a
G-equivariant morphism π : S → Z.
5.2. Derived categories. Assume for simplicity in this subsection that the
GIT stratification consists of a single stratum.
As notation, for F • ∈ D(V/G), write wtλ F • for the set of λ-weights
which appear in some derived restriction of F • to Z. Then for an integer w,
a window G[w,w+η) is defined as the full subcategory of D(V/G) with objects
G[w,w+η) =
{
F • ∈ D(V/G)
∣∣ wtλ F • ⊆ [w,w + η)
}
,
where η is given as follows.
Definition 5.3. The window width η is the λ-weight of detN ∨S V on Z.
Then we have the following theorem of Halpern-Leistner, and Ballard,
Favero, and Katzarkov.
Theorem 5.4. [20, 4] The restriction functor to the GIT quotient
res : G[w,w+η) ⊂ D(V/G) −→ D(V ss/G)
is an equivalence.
Given a wall crossing, we may then make the following definition. Denote
the GIT quotients corresponding to either side of the wall by X±.
Definition 5.5. Let the window equivalence
Φw : D(X±) −→ D(X∓)
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be given by composition of equivalences from Theorem 5.4 as follows.
D(X−)
∼
←− G[w,w+η)
∼
−→ D(X+)
The following lemma is given by Halpern-Leistner and Shipman. Write
D(Z/G)w for the full subcategory of D(Z/G) whose objects have λ-weight w,
and define a subcategory G[w,w+η] of D(V/G) similarly to G[w,w+η) above.
Lemma 5.6. [21] Recall that we have π : S → Z, and let j be the inclusion
of S into V. For each λ-weight w, the following functor is an embedding.
ι = j∗π
∗ : D(Z/G)w −→ G[w,w+η]
5.3. Spherical pair from wall crossing. Assume given a simple balanced
wall crossing for a toric GIT problem V/G as in Setup 5.1. In this subsection
I review a construction of a spherical pair in this setting, dependent on an
integer weight w.
Recall that the wall crossing has an associated subvariety Z, and one-
parameter subgroup λ.
Assumption 5.7. [12, Theorem A] Assume that:
(1) the variety V is smooth in a G-equivariant neighbourhood of Z;
(2) the canonical sheaf ωV has λ-weight zero on Z.
Remark 5.8. Note that this is satisfied in particular if V is smooth and
G-equivariantly Calabi–Yau.
Recall that we take a wall crossing between linearizationsM± with GIT
quotients X±, and linearization M0 on the wall. Window widths η± are
defined to be the λ±-weight of detN ∨S±V on Z. We then have the following.
Theorem 5.9. [12, Theorem A] Take a simple balanced wall crossing for a
toric GIT problem V/G satisfying Assumption 5.7. It follows that η+ = η−,
and we write η for their common value.
(1) For each integer w, there exists a spherical pair P determined by
〈
D(X−) , D(Z/G)
w
〉
= P0 =
〈
D(X+) , D(Z/G)
w+η
〉
where superscripts denote λ-weight subcategories, and P0 is a full
subcategory with objects
P0 =
{
F • ∈ D
(
V ss(M0)/G
)
wtλ F
• ⊆ [w,w + η]
}
.
(2) The spherical pair P induces window equivalences
Φw : D(X−) −→ D(X+)
Φw+1 : D(X+) −→ D(X−)
obtained by applying Definition 5.5 to V ss(M0)/G.
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5.4. Spherical functors. We will use the following sequence of spherical
functors obtained by Halpern-Leistner and Shipman [21, Section 3.2], and
shown to arise from the spherical pair of Theorem 5.9 by the author [12].
Corollary 5.10. [12, Corollary 4.6] In the setting of Theorem 5.9, the given
spherical pair induces a spherical functor
S
w = res+ ◦ ι− : D(Z/G)
w −→ D(X+),
where ι− is obtained from Lemma 5.6, applied to V
ss(M0)/G.
Notation 5.11. Write Tw for the twist of Sw.
Proposition 5.12. [12, Proposition 3.7(1)] In the setting of Theorem 5.9,
we have an isomorphism
T
w ∼= Φw ◦ Φw+1
of autoequivalences of D(X+).
6. Examples: complex plane
In this section we obtain schobers on (C, iZ) associated with GIT wall
crossings and standard flops.
6.1. Schober from wall crossing. The spherical pair of Theorem 5.9 was
dependent on a choice of integer weight w: the result below should be seen
as gluing the resulting spherical pairs for different w to obtain a perverse
schober on (C, iZ).
Theorem 6.1. Take a simple balanced wall crossing for a toric GIT problem
V/G satisfying Assumption 5.7, with GIT quotients X±. There exists a
schober P on (C, iZ) with
• generic fibre D(X+), and
• monodromy around iw ∈ iZ given by Tw from Notation 5.11.
Proof. Taking a skeleton K0 below, construct a K0-shadow PK0 by associ-
ating to iw, for w ∈ Z, the following spherical functor from Corollary 5.10.
S
w : D(Z/G)w −→ D(X+)
...
...
K0
+1
+i
−i
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The braid group Br∞ acts simply transitively on the set of isotopy classes
of finitary skeleta, so any such isotopy class K is of the form σK0 for a
unique σ ∈ Br∞. Then we may define a K-shadow (unique up to isomor-
phism) by applying the transformation rule for shadows from Definition 2.7
to PK0, and verify compatibilities as in Definition 2.9. 
The following is then immediate, using Proposition 5.12.
Corollary 6.2. In the setting of Theorem 6.1, the restriction of P to C− iZ
is a local system of categories as follows, with a refinement as indicated.
D(X+)
T
−1
T
0
T
1
...
...
D(X−) D(X+)
Φ−1
Φ0
Φ1
Φ2
...
...
Example 6.3. Take vector spaces U± with C
∗-actions having strictly pos-
itive weights with the same sum. Then V = U+ ⊕ U∨− is C
∗-equivariantly
Calabi–Yau, and so the above applies. The quotients X± are related by a
flop exchanging orbifold weighted projective spaces PU+ and PU
∨
−.
6.2. Schober for standard flop. For a contraction X → Y let E denote
the exceptional locus, and recall that D(X|E) is the full subcategory of D(X)
whose objects have (set-theoretic) support on E.
Proposition 6.4. Take a standard flopping contraction X → Y , so that in
particular E ∼= Pn. Then the schober of Theorem 6.1 induces a schober P
on (C, iZ) with
• generic fibre D(X|E), and
• monodromy around iw ∈ iZ given by the spherical twist Tw of OE(w).
Proof. We first prove the result for a local model of the flopping contraction,
denoted X± → Y0, as follows. Take a vector space U with projectivization E,
and let V = U ⊕ U∨ with C∗-action induced by the scalar action on U .
The two GIT quotients X± are the two sides of the flop, and have flopping
contractions to the affine quotient Y0 = SpecC[V ]
C∗ . The exceptional locus
in X+ is E, given by the quotient of the subspace U⊕ 0 of V , after removing
the unstable point 0.
Now V is smooth and Calabi–Yau, so Theorem 6.1 gives a perverse
schober P on (C, iZ) with generic fibre D(X+). The fixed locus Z is 0,
so the categories D(Z/G)w appearing in the proof are just D(pt). Using
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Corollary 5.10, we find that the monodromy around iw is the spherical twist
by OE(w). This lies in D(X+|E), and therefore the monodromies preserve
the latter category: we thus obtain a schober on (C, iZ) with generic fibre
D(X+|E), and with the required monodromy property.
It remains to construct a similar schober with generic fibre D(X|E). As
X → Y and X+ → Y0 are standard flopping contractions with shared excep-
tional locus E, the formal completions of X̂ and X̂+ along E are isomorphic,
and so D(X̂) ∼= D(X̂+). The images of the restriction functors
D(X|E) −→ D(X̂) and D(X+|E) −→ D(X̂+)
coincide under this equivalence. We conclude D(X|E) ∼= D(X+|E), where
this last equivalence identifies objects OE(w), and the result follows. 
The restriction of the schober P to C− iZ is a local system as follows.
D(X|E)
T
−1
T
0
T
1
...
...
7. Examples: Ka¨hler moduli space
In this section we study X → Y a standard 3-fold flopping contraction,
that is a contraction of a single (−1,−1)-curve E. There is currently no
accepted mathematical definition of the stringy Ka¨hler moduli space (SKMS)
in general. However, as a heuristic for this example, we take
M = P1 − {3 points}.
This heuristic is discussed below: we then construct schobers on partial
compactifications of M , and relate them to the previous section.
7.1. Discussion. The space M may be obtained, following Toda, as a quo-
tient of a certain space of normalized Bridgeland central charges on D(X|E),
see [35, end of Section 5.2, Example]. This turns out to be isomorphic
to C− Z. We write M for the quotient by the natural Z-action, and M for
the partial compactification corresponding to the orbit Z ⊂ C, as follows.
C− Z C
M M
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Consequently we may write
M = P1 − {2 points} and M =M − {p}.
Remark 7.1. For discussion in the physics literature, see for instance work
of Aspinwall [3, around Figure 2]. The point p is referred to as the conifold
point, following physics terminology.
Remark 7.2. As a warning, in the case where X is the local model given
by the total space of OE(−1)⊕2, M may in fact be a double cover of the
SKMS, as this X and its flop happen to be isomorphic. For discussion, see
joint work of the author and E. Segal [13] where M appears as the Fayet–
Iliopoulos parameter space, in particular [13, Remark 2.8].
7.2. Schober on complex plane. The contractionX → Y yields a schober
on (C, iZ) with generic fibre D(X|E), using Proposition 6.4. Changing con-
ventions, we may take a schober P on (C,Z) with monodromy Tw around
the integer w + 1, as in Figure 4.
D(X|E)
T
0
T
−1 T
−2
. . . . . .
Figure 4. Monodromies for schober P.
Notation 7.3. Write P◦ for the restriction of P to C− Z.
7.3. Schober on partial compactification M . To prepare to construct
such a schober, in Theorem 7.10, we construct a spherical pair: this is a
variant of a result of Bodzenta and Bondal [7], specialized to a standard
3-fold flop.
Proposition 7.4. Take a standard 3-fold flopping contraction X+ → Y ,
with flop X−, and exceptional curves E±. There exists a spherical pair S
determined by
〈
D(X−|E−) , D(pt)
〉
= S0 =
〈
D(X+|E+) , D(pt)
〉
inducing the flop functors F of Bondal–Orlov [8] as half-monodromies, where
S0 is defined in the proof.
Proof. We show this first for a local model. Consider, as in the proof of
Proposition 6.4, the GIT quotient V/C∗, with V = U ⊕ U∨ where U = C2
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and the C∗-action is induced by the scalar action of C∗ on U . Write X loc± for
the associated quotients. Then Theorem 5.9 gives a spherical pair
〈
D(X loc− ) , D(pt)
〉
= P0 =
〈
D(X loc+ ) , D(pt)
〉
(3)
where we let w = −1, so that
P0 =
{
F • ∈ D
(
V/C∗
)
wtF • ⊆ [−1,+1]
}
.
Half-monodromy equivalences for this spherical pair, from Theorem 5.9(2),
coincide with the flop functors by, for instance [13, Proposition 2.3]. The
categories D(pt) embed in P0 by taking Opt to OU⊕0(−1) and O0⊕U∨(+1)
respectively, according to Lemma 5.6, where (±1) denote C∗-weights. Define
S0 as the full subcategory of P0 with objects supported on the union of U⊕0
and 0⊕ U∨. Restricting the semi-orthogonal decompositions from (3) to S0
gives, for the local model, a spherical pair with the required properties.
Finally, note that for a flop X± as in the statement, we have
D(X±|E±) ∼= D(X
loc
± |E
loc
± )
by the argument of Proposition 6.4, and that these equivalences intertwine
the flop functors. The result follows. 
Remark 7.5. Bodzenta and Bondal [7] construct spherical pairs for flops of
curves in much greater generality: these spherical pairs are determined by a
category with a geometric description, in terms of the birational roof of the
flop, which could be adapted to the setting of the proposition above.
The following is standard, and is used below.
Proposition 7.6. Take a standard 3-fold flopping contraction X+ → Y ,
with flop X−, and exceptional curves E±. Then the flop-flop functor FF
acting on D(X±) and the twist by OE±(−1) are inverse.
Proof. This follows by work of Toda [34, Theorem 3.1], noting a sign correc-
tion in [36, Appendix B]: these references take X projective, but the methods
extend to the quasi-projective case, see for instance [14, 15]. 
We make the following assumption to prove Theorem 7.10 below.
Assumption 7.7. Assume there exist line bundles L± on X± such that:
(1) the restriction of L± to E± is isomorphic to OP1(1);
(2) the restrictions of L− and L+ to X− −E− ∼= X+ −E+ are dual.
Remark 7.8. This assumptions holds in the local model where X+ and its
flop X− are isomorphic to the total space of the bundle OP1(−1)
⊕2: we may
take the pullback of OP1(1). However, it may fail in general.
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We now construct a schober on M , and relate it to the schober P on C
from Subsection 7.2. We let M = P1 − {±1}, and define g : C→ M taking
z 7→ (1− e2πiz)/(1 + e2πiz)
considered as a point of P1 in the natural way. We let M =M − {0}.
Remark 7.9. This g is modelled on the quotient map from Subsection 7.1.
Theorem 7.10. Take a standard 3-fold flopping contraction X+ → Y , with
flop X−, and exceptional curves E±, satisfying Assumption 7.7. There exists
a schober Q on (M, {0}), restricting to a local system Q◦ on M , such that:
(1) the local system Q◦ is as follows;
⊗L+⊗L−
+1−1
F
F
D(X+|E+)D(X−|E−)
(2) the data associated to 0 in M is the category S0 of Proposition 7.4.
Remark 7.11. Taking Grothendieck groups gives a local system on M ,
which should relate to known ways to parallel transport K-groups, for in-
stance as in work of Coates, Iritani, and Jiang [11]: see in particular [11,
Figure 3].
Proof of Theorem 7.10. Take basepoints x± = g(±i) in M , and choose ∆
in M as below, with x± on its boundary.
⊗L+⊗L−
+1−1
F
F
x+x−
∆
We associate D(X±|E±) to x±, and claim that the diagram of functors
above gives a local system Q◦ on M . We need only check that the following
monodromy around infinity is trivial:
F
−1 ◦
(
−⊗L−
)
◦ F−1 ◦
(
−⊗L+
)
.
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This is indeed isomorphic to the identity, by Proposition 7.12 below, using
Assumption 7.7. We now apply Proposition 4.9 to extend Q◦ over 0 ∈ M .
We need a spherical pair on ∆ which induces the same local system on ∂∆
as Q◦: this is supplied by Proposition 7.4, and we are done. 
The following proposition is standard.
Proposition 7.12. For a standard 3-fold flop as in Theorem 7.10, satisfying
Assumption 7.7, we have isomorphic functors D(X−|E−)→ D(X+|E+):
F
−1 ∼=
(
−⊗L∨+
)
◦ F ◦
(
−⊗L∨−
)
Proof. Blowing up X± in E± gives a birational roof X̂ as follows.
X−
p−
←−− X̂
p+
−−→ X+
To calculate the left-hand side of the claimed isomorphism, we use that
F = p−∗ ◦ p
∗
+, so by taking right adjoints we have
F
−1 = p+∗ ◦ p
!
− = p+∗ ◦ (ωp−⊗−) ◦ p
∗
−.
Here ωp−
∼= OX̂(Ê), where Ê is the shared exceptional locus of p±.
Consider now the line bundle
p∗−L
∨
− ⊗ p
∗
+L
∨
+.
This is trivial on X̂ − Ê ∼= X± −E± by Assumption 7.7(2), and is therefore
isomorphic to OX̂(kÊ) for some integer k. It restricts to Ê
∼= P1 × P1 as
O(−1,−1) by Assumption 7.7(1), and the same is true for OX̂(Ê) by an
adjunction argument, see for instance [24, Section 11.3]: we deduce k = 1.
An isomorphism of functors D(X−) → D(X+) as in the statement then
follows by the projection formula. Finally, we note that the functors restrict
to the categories D(X±|E±), and the result is proved. 
The following relates Q to the schober P on C from Subsection 7.2.
Proposition 7.13. In the setting of Theorem 7.10, the pullback g∗Q◦ to
C− Z is a refinement of P◦ from Subsection 7.2.
Proof. Observe that g−1(x±) = ±i+Z, for x± the basepoints from the proof
of Theorem 7.10. It follows immediately that g∗Q◦ is a local system on C−Z
given as follows.
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D(X−|E−) D(X−|E−) D(X−|E−)
D(X+|E+) D(X+|E+) D(X+|E+)
⊗L− ⊗L−
⊗L+ ⊗L+
F F F F F F
. . . . . .
. . . . . .
This is a refinement of P◦ as shown in Figure 4, because Tw is inverse to
(
−⊗L⊗w+1+
)
FF
(
−⊗L∨⊗w+1+
)
using Proposition 7.6, and so the claim follows. 
7.4. Schober on compactification. Under the following assumption, the
schober Q extends from M = P1−{±1} to P1 in a straightforward manner.
Assumption 7.14. Assume there exist smooth divisors Z± of X± such that:
(1) the bundle OX±(Z±) is isomorphic to L±;
(2) the divisors Z± intersects E± transversely in a single point x±.
Proposition 7.15. In the setting of Theorem 7.10, the schober Q extends
from M to P1 if Assumption 7.14 holds.
Proof. We apply Proposition 4.10 twice to Q, taking points ±1 respectively.
For this we need to express, for instance, −⊗L+ ∼= −⊗OX+(Z+) as a twist
of a spherical functor.
We proceed as in Addington [1, Section 1.2, Example 4]. Recall that the
cotwist of a functor S is defined as follows
CS := Cone
(
Id
unit
−−−→ SRA ◦ S
)
where SRA denotes a right adjoint. Dropping the subscripts + for brevity, let
i be the inclusion of Z in X , and take S = i∗. Then SRA◦S = i∗i∗ ∼= −⊗i∗OZ
and thence
CS = −⊗OX(−Z)[1].
Now by Anno–Logvinenko [2, Proposition 5.3] (noting that the definition of
cotwist here differs by a shift) we have a left adjoint
C
LA
S
∼= Cone
(
S
LA ◦ S
counit
−−−−→ Id
)
[−1] = TSLA[−1].
Combining, we see that the spherical functor
S
LA = i! = i∗(ωi[dim i]⊗−) ∼= i∗(detNZX ⊗−)[−1]
from D(Z) to D(X) has the required twist, and we are done. 
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